Abstract. We consider the mass-subcritical Hartree equation with a homogeneous kernel, in the space of square integrable functions whose Fourier transform is integrable. We prove a global well-posedness result in this space. On the other hand, we show that the Cauchy problem is not even locally wellposed if we simply work in the space of functions whose Fourier transform is integrable. Similar results are proven when the kernel is not homogeneous, and is such that its Fourier transform belongs to some Lebesgue space.
Introduction
We consider the Cauchy problem for the following Hartree equation (1.1) i∂ t u + ∆u = K * |u| 2 u, t ∈ R, x ∈ R d ; u |t=0 = u 0 ,
where K denotes the Hartree kernel. We first deal with the case of a homogeneous kernel, (1.2) K(x) = λ |x| γ , λ ∈ R, γ > 0.
In [12] , it was proved that if 1 d 3 and γ < d, the Cauchy problem (1.1) is locally well-posed in L 2 (R d ) ∩ W , where W stands for the Wiener algebra (also called Fourier algebra, according to the context)
and the Fourier transform is defined, for f ∈ L 1 (R d ), as
In this paper, we investigate the global well-posedness for (1.1): we prove that if d 1 and γ < min(2, d/2), then the solution to (1.1) is global in time in L 2 ∩ W . In view of the classical result according to which (1.1) is globally well-posed in L 2 (R d ), our result can be understood as a propagation of the Wiener regularity. On the other hand, the mere Wiener regularity does not suffice to ensure even local well-posedness for (1.1). 2 /4 ) = δ x=0 , and the parabolic scale invariance.
Theorem 1.1. Let d 1, K given by (1.2) with λ ∈ R and 0 < γ < min(2, d/2).
Remark 1.2. One might be tempted to consider a space included in L ∞ which also scales like L ∞ , and which is larger than
This space consists essentially of functions which are locally in W , and globally in L ∞ (see e.g. [6, 7] for a precise definition). Strichartz estimates in amalgam spaces have been established in [6] (even though the case W (F L 1 ; L ∞ ) can never be considered). However, since the map
We next show that (1.1) is not well-posed in the mere Wiener algebra. Precisely have the following theorem:
Remark 1.4. In the case of the nonlinear Schrödinger equation
where σ is an integer and λ ∈ R, the Cauchy problem is locally well-posed in W (see [3] ). From the above result, this is in sharp contrast with the case of the Hartree equation. On the other hand, it is not clear that the Cauchy problem for
We note that in [9] , the authors study (1.3) in the one-dimensional case d = 1, with σ < 2 not necessarily an integer. They prove local well-posedness in 
The final result of this paper is concerned with the case where the kernel K is such that its Fourier transform belongs to some Lebesgue space. •
is not uniformly continuous.
2.
Standard existence results and properties 2.1. Main properties of the Wiener algebra. The space W enjoys the following elementary properties (see [5, 3] ):
(1) W is a Banach space, continuously embedded into
W is an algebra, and the mapping (f, g) → f g is continuous from W 2 to W , with
(3) For all t ∈ R, the free Schrödinger group e it∆ is unitary on W .
Existence results based on Strichartz estimates.
For the sake of completeness, we recall standard definition and results.
For all admissible pairs
In addition, its L 2 -norm is conserved,
and for all admissible pair
Proof. We give the main technical steps of the proof, and refer to [4] for details. By Duhamel's formula, we write (1.1) as
Introduce the space
and the distance
where
) is a complete metric space, as remarked in [10] (see also [4] ). Hereafter, we denote by
and
by · L a L b for simplicity. Notice that (q, r) is admissible and 1
By using Strichartz estimates, Hölder inequality and Hardy-Littlewood-Sobolev inequality, we have, for (q, r) ∈ {(q, r), (∞, 2)}:
, with C(∞) = 1 by the standard energy estimate. To show the contraction property of Φ, for any v, w ∈ Y (T ), we get
Then there exists a unique u ∈ Y (T ) solving (1.1). The global existence of the solution for (1.1) follows from the conservation of the L 2 -norm of u. The last property of the proposition then follows from Strichartz estimates applied with an arbitrary admissible pair on the left hand side, and the same pairs as above on the right hand side.
Proof of Theorem 1.1
Thoughout this section, we assume that the kernel K is given by (1.2).
3.1. Uniqueness. Uniqueness stems from the local well-posedness result established in [12] , based on the following lemma, whose proof is recalled for the sake of completeness.
where we have used Hausdorff-Young inequality. Writing
We infer uniqueness in
Proof. Duhamel's formula yields
Since the Schrödinger group is unitary on L 2 and on W , Minkowski inequality and Lemma 3.1 yield, for t 0,
Gronwall lemma implies u ≡ v.
3.2.
Existence. In view of Lemma 3.1, the standard fixed point argument yields:
Taking Proposition 2.3 into account, to establish Theorem 1.1, it suffices to prove that the Wiener norm of u cannot become unbounded in finite time.
Resuming the decomposition of K introduced in the proof of Lemma 3.1, we find
Using the conservation of the L 2 -norm of u and HausdorffYoung inequality, we infer, if p 2:
To summarize, for all 1
The above requirement on p can be fulfilled if and only if 0 < γ < d/2. To take advantage of Proposition 2.3, introduce α > 1 such that (2α, 2p) is admissible. This is possible provided that 2p < 
For a given T > 0, ω satisfies an estimate of the form
provided that 0 t T , and where we have used the fact that α ′ is finite. Using Hölder inequality, we infer
Raising the above estimate to the power α ′ , we find
, and the result follows.
Ill-posedness in the mere Wiener algebra
In this section we still assume that K is given by (1.2). We show that the Cauchy problem (1.1) is ill-posed in the mere Wiener algebra, i.e without including L 2 . We recall the definition of well-posedness for the problem (1.1). (1) For all ϕ ∈ B, (1.1) has a unique solution ψ ∈ X T with ψ| t=0 = ϕ. 
where ψ is the solution of the free equation
be an element of the Schwartz space. We define a family of functions indexed by h > 0 by
Taking the W -norm gives
by its integral formula above and apply the following changes of variable:
We obtain
Let s ∈ (0, T ). We examine more closely the term F (s) :
We have F (0) = 0, so for s ∈ [0, 1],
The first and second derivatives of F are given by
From the formula of g, since f ∈ S we can see easily that
where C is a positive constant independent of s (it depends on f and γ). Thus,
In particular, for all t, h > 0
This implies that
Fix t > 0:
We deduce that for h > 0 sufficiently close to 0,
W . This contradicts (4.1), and Theorem 1.3 follows.
Proof of Theorem 1.6
We decompose the proof of Theorem 1.6 according to the three cases considered.
, and we consider an initial data u 0 ∈ L 2 ∩ W . For T > 0 we define the following space
It is a complete space metric when equipped with the metric
We denote by p ′ the Hölder conjugate exponent of p. We have
where 1 +
The lemma follows.
Let Φ as defined in Section 2. In view of the previous lemma we have, for u ∈ E T and t ∈ [0, T ],
We deduce that
For T possibly smaller (still depending on u 0 L 2 ∩W ) Φ is a contraction from E T to E T , so admits a unique fixed point in E T , which is a solution for the Cauchy problem. By resuming the same arguments as in Proposition 3.2 we deduce that the fixed point obtained before is the unique solution for the Cauchy problem.
For p = 1, the solution constructed before is global in time. In view of the conservation of the L 2 -norm, we have
and by the Gronwall lemma, we conclude that u(t) W remains bounded on finite time intervals. This completes the proof of the first point in Theorem 1.6. As previously, the local existence of a solution is easily shown by a fixed point argument, since Φ is a contraction from Y T to Y T , and we show that it is unique. The proof relies on the following lemma:
Lemma 5.2. There exists C such that for all f, g ∈ W ,
Proof. Let f, g ∈ W . We have
It then suffices to reproduce the proof given in the previous subsection in order to prove the second point of Theorem 
